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The Simple Analytics of Neoclassical
Growthwith Migration

Luca Correani (*), Fabio Di Dio (**) e Stefano Patri (M)

Abstract

This paper investigates the economic consequences of migration in the Ramsey-type dy-
namic optimizing context. In contrast to Hazari and Sgro (2003) conclusions, we show that
with a Cebb-Douglas production function migration unambiguously reduces per-capita domes-
tic consumption growth, whereas necessarily raises the long-run per-capita consumption of
domestic residents when production is “sufficiently” capital intensive. Our findings are sup-
ported by several empirical studies and confirmed by simulation analyses in an international
context, suggesting that changes in technological adjustment in response to migrants inflows
may take some vears to translate into productivity, generating some crowding out effects. The
gains for natives materialize in the long run when the specialization of natives adjusts, firms

invest in capital and adopt appropriate technologies.

Key words: Migration, Domestic consumption, Growth
JEL classification: F2, 04

1. Introduction

In recent years, policy-makers of many countries are increasingly concerned about growing
migration pressure from developing countries. In fact, the rapid growth of population, changes
in geo-political structure and the wide inequality in income have led to a rapid increase in the
number of migrants from emerging economies to advanced ones (Hanson, 2006, 2010; Hanson
and MecIntosh, 2010). In some cases migrant-receiving countries must maintain a delicate
balance between economic needs, that would involve a beneficial increase of workforce of an
ageing population no longer willing to accept unskilled works, and the political commitment
that typically results in high restrictive migration policies. Then, the need of understanding
this mounting phenomenon has gained a remarkable revival of interest in these issues, answering
to questions concerning the migrants flows determinants, economic causes and features, and
its effect on welfare. As such, literature about this topic has consequently grown rapidly

{(Borjas, 2003; Hanson, 2009; Peri, 2009). In addressing these issues, the literature has examined

(") Department of Economics and Management, Tuscia University, Viterba,Btahail: correani@unitus.it

(") Consip S.p.A., Department of Public Finance, Macroeconomic Modelling Unit, Rome, Italy

E-mail: fabio.didio@tesoro.it

(") Department of Methods and Models for Economics, Territory and Finance, Sapienza University, Rome, Italy
E-mail: stefano.patri@uniromal.it.



in particular whether in the high-migrants countries consumption grows more rapidly (after
controlling for the determinants of their steady state) than in relatively low-migrants countries
(Barro and Sala-i-Martin, 2004; Palivos and Yip, 2007; Palivos, 2009)), and whether there is an
empirical long-run relationship between domestic welfare effect and the substitution of input
productive factors (Quibria and Islam, 2010; Ottaviano and Peri, 2006, 2008).

In this paper we reexamine the welfare effect of immigration developed by the preliminary
and pioneering study of Hazari and Sgro [The simple analytics of optimal growth with ille-
gal migrants, Journal of Economic Dynamics and Control 28 (2003), 141-151] and afterward
reviewed by Moy and Yip [The simple analytics of optimal growth with illegal migrants: a
clarification, Journal of Economic Dynamics and Control 30 (2006), 2496-2475].

Hazari and Sgro (2003) develop a Ramsey-type model to show that migration necessarily
lowers the per-capita domestic consumption if migrants and domestic residents are perfect
substitutes in production.

In the Moy and Yip (2006) reexamination, the welfare effect (i.e., the effect on per capita
domestic consumption) of migration is instead ambiguous as result from the influence of two
opposing effects: an intra-temporal positive effect (exploitation effect) and a negative inter-
temporal effect. However, in both cases, they state that per capita domestic consumption
growth rises as result of migrants in the case of Cobb-Douglas production technology. In
contrast to this finding, we show a negative short-run relation between per-capita consumption
growth and migrant labor. In fact, using a Cebb-Douglas production technology in intensive
form, which corresponds to the empirical relevant case of imperfect substitution between foreign
and demestic labor (see Borjas, et al., 2008; Ottaviani and Peri, 2006), we find that in presence
of migration, per-capita consumption growth is lower than in absence of migration; however, the
long-run effect of migration on per-capita domestic consumption is positive when production is
“sufficiently” reactive to capital. So, in this context, economies with a higher elasticity of capital
receive wider benefits from the migration flows. We provide an economic interpretation to these
results: the changes in specialization, investment response, technological adjustment, innovation
as response to migrants inflows may take some years to translate into productivity, generating
some crowding out effects, more competition and costs even if it has long-run benefits. The
gains for natives materialize in the long-run when the specialization of natives adjusts, firms
invest in capital and adopt appropriate technologies {(Ortega and Peri, 2009). Qur analytical
results are supported by several empirical and theoretical studies, that the effect on per-capita
consumption growth is negative in the short run and that migration flows facilitate the growth of
capital-intensive economies in the long run (see Ho, 2007; Peri and Sparber, 2009). Furthermore,
other studies using simulations to assess the effects of migration on domestic consumption find
that migrants can generate significant welfare gains for the natives in the long run (Ho, 2007;
Liu, 2010). Our contribution departs from the current literature under several respects.

First, unlike the previous studies of Hazari and Sgro (2003) and Moy and Yip (2006), we

explicitly consider the effect of migration on both short- and long-run period. In fact, in Hazari



and Sgro (2003) there is not an explicit analysis of long-run per-capita consumption in the
context of imperfect substitution of workers but really they address the relationship between
migration and short-run consumption growth rate (see Hazari-Sgro (2003), pag. 150); on the
centrary, in Moy and Yip (2006) the only steady-state relationship between consumption and
migrants is analyzed in the case of perfect substitution between workers.

Our contribution generalizes and complements seme results of the papers cited above. In
particular, we generalize the case of perfect substitution between foreign and domestic labour
to the case of imperfect substitution by using an intensive form of Cobb-Douglas production
function. Furthermore, we extend the analysis to the long period generalizing and integrating
in one model the results of both the previous contributions.

Finally, while the previous studies examine only theoretically the impact of migrant workers
on domestic consumption, the current study complements the theoretical analysis providing
some empirical evidence and literature widely supporting our results. The remainder of paper
is organized as follows.

Section 2 describes the Ramsey model augmented with migrants illustrating the theoretical
structure (subsection 2.1) and then analyzing the equilibrium properties in the short and long
run (subsection 2.2). In doing so, we explore the main differences with the hasic Ramsey growth
model (proposition 1 and 2). Section 3 is devoted to empirical evidence in order to support our

results and section 4 concludes the paper.

2. The one-sector model with migration

In this section we compare the standard version of Ramsey growth model (basic Ramsey
model, BRM) with an augmented Ramsey model with migrant workers.

We first develop a Ramsey growth model which incorporates migrant workers (para- graph
2.1); then, in order to compare it to the Ramsey-one-sector model without migration, we find the
equilibrium conditions {in the short as well as in the long period) in the two models (paragraph
2.2). As in the models developed by Hazari-Sgro (2003) and Moy-Yip (2006) we use a Cobb-
Douglas production function in an intensive form, and we conclude that per-capita domestic
consumption growth unambiguously decreases with migration (short-run effect) and that the
long-run per-capita consumption of resident workers increases with migrants if the elasticity
of capital is “sufficiently” high. In fact, we find that there is a long-run positive relationship

between per-capita domestic consumption and elasticity of capital.



2.1. Theoretical basic structure

We consider a one-sector growth optimizing model of Ramsey type. The economic system
produces a single commodity ¥ using capital, native and foreign labor. The aggregate produc-
tion function shows constant return to scale in physical capital K, native labor L and migrant

workers M with diminishing returns of factors:
Y = f(K, L, M). (1)

We note that in this formulation the production function agssumes imperfect substitution
between migrant and domestic labor as they enter as separate factors of production. The
intensive form of the aggregate preduction function links output to the productive inputs in

term of total labor and can be expressed as:
y = f(k,I,m), (2)

where y denotes the per capita cutput, i.e. y = Y/(L + M), k is the capital intensity, i.e.
k= K/(L+ M), [ is percentage of domestic workers on total workforces, i.e. | = L/(L 4+ M),
and m the percentage of migrants workers on total workforces m = M/(L + M).

We assume that foreign workers are paid less than native workers because of labor mar-
ket duality reflecting relative disadvantages of the migrants (skill, language etc.) in specific
national labor markets. Indeed, segmentation characterizing labor markets in advanced indus-
trial economies is to a large extent due to the inherent duality between domestic and foreign
workers (see among others, Aydemir and Borjas, 2011). This dualism is likely to induce sys-
tematic wage differentials for the two groups of workers (native and foreign born). In such a
case we have:

We, = B, with 0<f@g <1 (3)

where w,, and w are, respectively, the migrants wage and the doemestic wage, and 8 captures
institutional features and policies implemented in the host country as well as other factors
which determine wage differential.

Following Hazari-Sgro (2003) and Moy-Yip {2006) we assume that migrants do not save

nor accumulate capital so that the resource constraint is:
C=Y—-K-pBwM, (4)

where C' is domestic consumption and the dot notation represents the time derivative.
Dividing by I + M the constraint in (4) and rearranging the terms it becomes:

le=vy— — Buwm, (5)

L+ M

where ¢ = C/L is the per capita domestic consumption.



In this context the firm profits are given by:
= f(k,l,m) —rk —wl — fum, (6)

where r denotes the rental interest on per capita capital k, wi and Bwm are respectively the
per capita wage bill of domestic and migrant workforces.
Profit maximization produces the following conditions:

ek, Lm) =1, (7)
Ak lm)=w, (8)
fm(ksl’m) = fw, (9)

where fi, fi, fm are, respectively, the marginal product of capital, domestic and migrant labor.
Given the homogeneity of the production function we can apply the Euler theorem and

write:

By using formula (10) we can compact the equations (7), (8) and (9) as follows:

I ICARDET S

I+ Bm (11)

As in Hazari and Sgro (2003) we assume that the flow of migrants into the economy follows
the rule!:
M = (uw —wo)*, (12)

where 0 < £ < 1 and wy is the reservation wage in the country of origin.
The growth equation for domestic workers is:

L = Lye™, (13)

which implies a positive and constant growth rate of domestic labour force L/L = n, with
0<n<l.

As in Hazari and Sgro (2003)% when the migration ceases in the long run, the migrant
population grows at the same rate as domestic: M = Mye™.

By using the time derivative of k = K /(L+ M), after some algebra we obtain K /(L + M) =
k+k(L+ M)/(L+ M). Substituting it into the resource constraint (5) and rearranging it, we
have:

k= f(k,L,m) —kg(t) — Ic — fum, {14)

TWe use this assumption to have a suitable comparison to the case of perfect substitution of Hazari and

Sgro. However, we note that, in the case of imperfect substitution, Hazarl and Sgro change it (see Hazari and
Sgro (2003), formula. (28), pag. 148).
2Hazari and Sgro (2003), pag 145.



where?® ) )
L+ M

g(t) = M

. (15)

t—‘

We are now ready to formulate the optimization problem of the representative domestic house-
hold in the Ramsey tradition {1928):

mgx/[jooemU(c) dt, (16)

such that k= f(k,1,m) — kn — lc — fwm,, (17)
k(0) = Ko, (18)

0<e< flk,1,m), (19)

The Hamiltonian associated to this problem is:
H=e"U(e) + A[f(k,l,m) — kn — le — fwm], (20)

from which, by applying the maximum principle, we derive the following first order conditions:

e (c) - M =0, (21)
- M
A= fk*nﬂLﬁkakk ; (22)
where in the condition (22) we used the equation (11) and the approximation:
Bm BM
l+8m L~

which holds if we have the reasonable condition: M/L < 1.
Differencing the equation (21) with respect to time and substituting A and A into equation
(22), we have the following equation:

E‘ifk*p*nTL%kfkk
¢ n(c)

where 5(e) = —cU"{c)/U'(c). The equation (23) and equation (14) together constitute a dy-
namical system in c and &k of Ramsey model augmented with migrant labor. In order to compare

, (23)

the condition in (23) to the zero migration case (basic Ramsey model) in the short- and the

5Tn fact, we note that g(t) = L{iLﬂer/L = Tfiﬁ//é From the reasonable assumption that M/L <« 1, it

follows: 1+ M/L a1 and M/L 0.




long-run period we use a Cobb-Douglas production function and a special case of a constant
elasticity of substitution utility function. Hence, we first compare the growth rate of consump-
tion (23) with migrant workers to assess whether it is higher or lower than the solution without
migration; then we explore the solution in the long period (i.e., when ¢/c = 0), to assess whether

the presence of migrant workers is able to increase the long-term per-capita consumption.

2.2. Fgquiltbrium analysis in the short and long run period

The analytical form of a Cobb-Douglas production technelogy with migrants in intensive
form is:
flk,Lm) = k5 Pmt 59, (24)

with 8,8 € (0,1) and d+ 6 < 1. Following Hazari and Sgro (2003), we use a standard Constant
Relative Risk Aversion {CRRA) utility function:

leoe
Ulc) = 25
= (25)
where o € (0,1).
By using these analytical forms explicitly, we can rewrite the equation in
{23) in the form:
: d—h Bl p—
E — ( 1),—)/1 4 i ’ (26)
c o
and using the equation (11) we can write the aggregate constraint (14) as:
. 5 hq
k=vk 173 — kg(t) — I, (27)

where hy = A5(1 — ) M/L and 1y, := I'm! -
The case without migration (in the basic Ramsey model (BRM), i.e. where there is a single

type of workers) produces the following condition on consumption growth rate *:

_6k‘5’1fpfn

- (2%)
BEM

c
c

Now we are ready to make a comparison between the equations (26) and (28). The results

are summarized by the following proposition:

4The solution for capital equation in the basic Ramsey model is: k = k% —nk—c. See Barroc and Sala-i-Martin
(2004) for the development of a standard Ramsey model. We note that in Hazarl and Sgro (2003), their model
solution in (36) does not reduce to standard Ramsey model as they state in their paper (for more details, see

Hazari and Sgro (2003), pag. 150).






